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We consider a model of classical noncommutative particle in an external 
electromagnetic field. For this model, we prove the existence of generalized 
gauge transformations. Classical dynamics in Hamiltonian and Lagrangian 
form is discussed, in particular, the motion in the constant magnetic field 
is studied in detail. 



Abstract 



1 Introduction 



In the last decade, there has been a certain interest in considering quantum- 
mechanical and field-theoretical models with noncommutative space-time coor- 
dinates, see e.g. [1] and [2] for reviews on noncommutativity in QFT and QM, 
respectively. The noncommutative space can be realized by the coordinates x l , 
satisfying commutation relations [x 1 ,^] = iO^ , where U is an antisymmetric 
constant matrix. Classical actions of field theories on a noncommutative space- 
time can be written as some modified classical actions already on the commutative 
space-time, using the Weyl-Moyal correspondence [3]. Similar possibility exists 
in the case of a finite-dimensional theory (mechanics). The noncommutativity of 
position coordinates can be obtained as a consequence of a canonical quantiza- 
tion of dynamical models [4]- [10]. For example, the canonical quantization of 
the classical theory with first-order action 

Snc = Sh + Sg, (1) 
S H = J dt [ Pj x j -H{p,x)] , S e = J dtp^pj/2, 
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leads to a quantum theory (which is called noncommutative quantum mechanics 
(NCQM)) with the commutation relations 



[x\ x j ] = i9 ij , [x\pj] = i8) , Ipirfj] = 



(2) 



and with the quantum Hamiltonian H (x,p). The model of noncommutative par- 
ticle (CQ) was proposed in [5], see also [6]. In fact, Sh is the ordinary Hamiltonian 
action and S$ is responsible for noncommutativity. 

As it was already mentioned, NCQM has been studied extensively [2], and 
many calculations on the base of the theory were performed to find the upper 
bound on the noncommutativity parameter 6. However, there remain some open 
questions in classical mechanics of noncommutative particle, for example, the 
problem of gauge invarience with respect to the external electromagnetic field. It 
is known that NCQM with external electromagnetic field is invariant under the 
noncommutative U (1) gauge group, which is U+ (1) , see [11]. This fact may serve 
as an indication that there exist a classical version of such transformations. In 
fact, the problem is closely related to the problem of introducing the interaction 
with the Abelian gauge field in the classical models of noncommutative particle 
©, see e.g. [12]. 

As it is now known, there exist two ways of introducing potentials A^(x) = 
(Ai(x),A (x) —(p(x), i = l,...,n) of the external electromagnetic field in the 
theory, which correspond to two different actions S^ c = Sjj + Sg of the Duval- 
Horvathy model [5], and S% c = Sjj + Sg of the Deriglazov model [6], where 



r-l 



s 



H 



(It 
(It 



(pj + eAj (x)) x J — -p 2 — etp(x) 

1 2 

PjX J - - \pi - eAi(x)] - ap(x) 



(3) 
(4) 



The action S^ c , by the construction, is invariant under the U (1) gauge trans- 
formations: 5Ai = dif (x) and the particle momenta have not to be changed. 
Classical equations of motion describing dynamics of noncommutative particle in 
Duval- Horvathy model were investigated in details in [13]. Hamiltonization of 
the theory with the action Sjf C leads to the following Dirac brackets between the 
phase space variables x l ,pf 



{x\iP} D 
{Pi,Pj} D 



e lj 9d, {x\pj} 



EijeBd, d 



£>(<£>) 

1 - e6B (x 



5}d, 



(5) 



where B (x) = d\A2 — c^Al is the magnetic field. After quantization they deter- 
mine the commutation relations between coordinates and momenta: 



[x\ x j ] = i9e lj d, [x\pj] 



[PhPi\ 



ieBEijd. 



(6) 
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As it was first mentioned in [8] the space noncommutativity depends on magnetic 
field B (x) and this is not of usually considered noncommutativity with 

constant 9. The canonical quantization of the Deriglazov model leads to the space 
noncommutativity with a constant 9. That is why we concentrate our attention 
on the Deriglazov model in what follows. 

In spite of the fact that the action (j4]) is invariant under the standard gauge 
t r ansf or mat ions : 

5A i = d i f{x),8 Vi = ed i f{x), (7) 

the complete action S^ c is not, due to the term Sg. In the work [12], on the 
example of planar particle, n = 2, only infinitesimal local transformations 

Sx i = -e9e ij djA (x) , dpi = e^A (x) , 

5Ai = A[(x + 5x) - Ai (x) = d t A (x) , (8) 

were constructed, which preserve simplectic structure of S% c , and change corre- 
sponding Lagrangian on the total time derivative. 

In the present article we demonstrate the existance of generalized gauge trans- 
formations for the Deriglazov model. These transformations are deformation in 
9 of the gauge transformations ([7]). In the first order in 9 they coincide with 
(JBJ). After quantization the generalized gauge transformations lead to the gauge 
group of NCQM, see [11]. Then, we consider classical dynamics of the model in 
the configuration space, and a possibility to construct a Lagrangian second-order 
action which is equivalent to the Hamiltonian first-order action ([I]). The gen- 
eral consideration is illustrated by an example of the noncommutative charged 
particle in a constant magnetic field. 

2 Generalized gauge transformations 

The action Sjf C can be written as follows: 

&nc = J dtL e H , L e H — L\ — H, 

1 1 o 

L x = Pj x 3 + -Pi9 lj pj , H=-( Pi - eAi(x)Y + e<p (x) . (9) 

The simplectic structure (Poisson brackets) corresponding to this first-order ac- 
tion is: 

{'''•'''} 9 : '. {x i ,p j } = S i j , {j>i, Pj } = 0. (10) 

Below, we are going to construct an explicit form of the generalized gauge 
transformations. To this end, first, we introduce the following transformations: 

Sx i = K i {x), 5p i = J l (x), Ji (x) = edif (x) + O (9) , (11) 
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which should leave the simplectic structure (fTUj) invariant. That is, new coordi- 
nates and momenta 

x H = x i + IC (x) , p'^Pi + Jiix) (12) 

must have the same Poisson brackets. From this condition one obtains equations 
on the functions K l (x) and J 1 (x): 

6 a diK j - 9 jl diK l + {K\ K j } = 0, 

9 u diJj - djK' + {K\ Jj} = 0, dtJj - djJi + {J u Jj} = 0, (13) 

where the Poisson brackets between two functions of coordinates are determined 

as 

{F,G} = (d k F) 9 kl (diG) . 

If K % = —9 d Ji then two first equations (fT3|) are just the consequences of the third 
one. 

Thus, to find ( ITT1) we have to solve the following differential equation: 

djJi - diJj = {J it Jj} , (14) 

with the condition that Jj (x) = edif (x) + O (9). The solution of this equation 
can be found as a perturbative series in 9, and has the form 

J * (*) = E t^hy. { - {dlf ' fh /} = E j r (x) , (is) 

m=0 ) '^^^ v v m=0 

m m 

where3 

^r(^) = ^ T {^r 1 ,/}, m>i, (i6) 

771+1 

J° (x) = eSJ (x) . 
Let us prove it by the induction. One can easily verify that 

■£(*) = y W,/} = f K,/} 

is the solution of the equation (1141) in the first order in 9. We should prove that 
if J™ (x) is the solution of this equation in the m-th order, i.e., 

771— 1 

d y jr-d l jf = Y,{jr l '\J l j ], (17) 



1 By the construction, the function JJ™ (x) is of the m-th order in 



4 



holds, then the solution in the order m + 1 is: 

jr +1 (x) = ^urj}- (is) 

Let us consider the following quantity 

J« = (m + 2) (a, Jr +1 - = e (Sj { Jf, /} - di { Jf, /}) . 

With the help of ( |T71) . it can be rewritten as 

TO— 1 

= E e {{-r" 1 "'. 4} . /} + { J ™ e^/} + {eft/, Jf } . 

1=0 

Using the Jacobi identity and (fTB|) . we reduce ly to the following form 

TO— 1 

E [(m - « + 1) { jt'. 4) + c + 2 ) { j r^ ) + {•*?, + k, ^ri 

1=0 

TO— 1 

= £[(m-/ + l) { Jf^, ^} + (i + 1) { JT 1 , ^}] + (m + 2) { J°, Jf } 

TO 

= (m + 2)E(^r',^}, 
and prove therefore that 

TO 

a,- jr +1 - diJj i+i = J2 { j r -1 ~ m > J D • 

m=0 

In turn, this means that ffT8l) is a solution of equation (fT4j) in (m + l)-th order 
with respect to 6. 
Finally we obtain: 

°° TO 

^ = ;r {x) = -Y i —\{-&, fh-Jh 

m=l ' 

m m 

oo to+1 

^ = Ji (x) = £ T^wi- W. /}, - /}■ (19) 

m=0 ' ^"^^ v 

m m 

The invariance of the Hamiltonian H from ([9]) under the transformations ( 1T91) 
implies the generalized gauge transformation of the potential A^(x): 

Ai -> Aj(a:* + 5x*) = A^x) + ^5p { , 
y? -> y>' (x + tfas*) =tp(x). (20) 
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An explicit form of the transformed potential A'^x) can be obtained by iterating 
the relation 

A[ (x) = A(x) + -S Pi - V —B^.d^A (x) 6r'\. Ar'-. 
e z — ' ml 

m=l 

Up to the first order, one can obtain 

4 (x) = Ai(x) + dj + e {Ai + 3/29,/, /} , iff (x) = V (x) + {<p, /} . 
That is, 

6Ai = A\ (x) - Ai{x) = d l f + e {A t + 3/29,/, /} + o (9) , 
5<p = tp' (x) -ip(x) = {cp, /} + o(6). 

Since both Poisson brackets ([TO]) and the Hamiltonian (Q are invariant under the 
transformations (fT9l) . ([20]) . the corresponding classical dynamics 



x 



{x l ,H}, Pi = {pi,H}, (21) 



is invariant under these transformations. 

Following [12], we introduce non-Abelian field strength 

F* = { Pi - eAi(x),Pj - e M x )} = d i A j ~ d 3 A i + e i A h A 3 } . (22) 

By the definition, it is invariant under the generalized gauge transformations (fT9l) 
and (1201) . After the quantization the corresponding field strength is determined 
by 

F*j = d t A - djAi + e [A u A^ , (23) 

where is the strength tensor of a gauge field related to non-Abelian U* (1) 
group, the latter is the gauge group of NCQM, see [11]. 

As an example, we consider the case n = 2, ip> = 0, and A { = (—By/2, Bx/2) , 
which corresponds to a planar particle in a constant magnetic field. Let / = 
Bxy/2, then f|T5|) reads, 

Ji = ay, J 2 = bx, 

eB 2 - Ve 2 B 2 6 2 + 4 , eB 2 - Ve 2 B 2 9 2 + 4 

a = , b = 1 . 

2 29 ' 2 29 

Using formulas (fT9l) and (|20|) . we find the following gauge transformations 

x — > x' = (1 — 06) x, ?/ — ► = (1 + 0a) i/, 

Pi Pi = Pi + ay, P2 P2 = P2 + foe, 

2a -eB , t . 2b + eB , 
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One can easily verify that the corresponding variation of the Lagrangian (Q is 
reduced to a total derivative, 

- (a — b) xy + 9ap 2 y — 9bp±x . 

In the limit 9 — > 0, transformations (1241) are reduced to the gradient gauge trans- 
formations Ai — > A\ = (0, Bx). 



SL » = 7t 



3 Dynamics in configuration space and Lagrangian 
action 

Considering the Deriglazov model, we introduce new variables: (x l ,pi) — > (x\ 7Tj), 
where Hi = pi — eAj. Poisson brackets involving new variables are 

{x\ iTj} = 5) - ee ik d k Aj, {vr,, tt,} = eFf j , (25) 
such that the equations of motion take the form 

x { = {x\ H} = (5) - e9 ik d k Aj) it 3 + e9 ij d jV , 

tt, = {m, H} = eF^j - e {5) - e9 lk d k A 3 ) d j( p , 

H = tt 2 /2 + (p(x). (26) 

Excluding momenta 7Tj from equations fl26l) . we obtain second-order equations 
of motion for the coordinates x % . For simplicity, let us set ip (x) = 0, and A{ (x) to 
be an arbitrary function of the coordinates. Then we obtain ^-modified Lorentz 
equations in the case under consideration, 

& = F* + F i , 

Fl = eFf^ , F l = e9 kl d k d l A - ^A m )" 1 x l x m . (27) 

If 9 = 0, the equations are reduced to the ordinary Lorentz equations. If 
9 7^ 0, the Lorentz force Fg is changed, according to (|22|) . and a new force F l 
proportional to square of velocities appears . 

In the case of linear potential Ai, the term F % vanishes and Ff, is just a 
constant. If n = 2 and Ai = (— By/2, Bx/2) (the above considered magnetic 
field), equations (1271) take the form: 

x = eBy , y = -eBx , B — B(l + e9B/A) . (28) 

Its solutions were analyzed in [14]. 

Now we set Ai = and f (x) to be an arbitrary function. In this case equations 
$26]) yield 

x* - e9 ij d j d k ipx k + edup = . (29) 
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Considering n = 2 and ip = u 2 (x 2 + y 2 ) /2, we obtain: 

x — e9u 2 y + eu 2 x = , y + e9u 2 x + eu 2 y = . 

The latter equations coincide with equations of motion of a charge in a constant 
magnetic field Bg = 9uj 2 and linear electric field E = (u 2 x,uj 2 y), i.e., in this case 
noncommutativity is equivalent to the presence of a magnetic field. 
If ip = y 2 /2, equations fl29|) read 

x — e9y = , y + ey = . 

This is a second-order non-Lagrangian set of equations, which does not admit an 
integrating multiplier, see [15,16]. 

ttn = 2,Ai = (-By/2, Bx/2) and ip = uo 2 (x 2 + y 2 ) /2, we have 

/ \ / e 2 B 2 B 2 \ 

x { - e [B + 9uo 2 j e ij x j + eu 2 M + — - — j x i = . 

These equations coincide with equations of motion of a charge in a constant mag- 
netic field B d = B + 6uj 2 and a linear electric field E = uo 2 (1 + e 2 9 2 B 2 /2) (x, y). 
For 9 = —AB/ (4u; 2 + eB 2 ), the effective magnetic field Bg disappears. 

In fact, the noncommutative particle action (CQ) is a first-order action, and 
can be treated as a Hamiltonian action. To construct a second-order Lagrangian 
formulation, we pass to Darboux coordinates. Namely, we change the variables 
as follows: (x\pi) — > (q l ,Pi), where 

q* = x l + U ll Pj . (30) 
In the new variables, the action (CQ) takes the form 

S e [q, p] = J dt [ Vl q l -H(q l - 9^ Pj /2, Pi )] , (31) 
where H (x,p) is defined in Q). From the equations 

^Ml^O^^f (32) 
OPi dpi 

one can express the momenta pi via coordinates q l and velocities q l : 

p t = q l + eAi (q) - ed 3 A t (q) V k [q k + eA k (q)] (33) 
+ e9 ij dj<p (q) + e9 ij djA k (q) q k + o (9) . 

Substituting fl33l) into fl3TT) . we obtain a second-order Lagrangian action S e L that 
does not contain any momenta, 

S° L = J dtL e , L e = l -q 2 + eAtf - etp (q) 
- eq l djAS 3k (q h + eA k ) - e 2 d i i P 9 ij A 1 +o(9). 
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Such a form of noncommutative particle actions can be useful both for construct- 
ing Lagrangian path integrals in noncommutative quantum mechanics, and for 
searching integrals of motion. E.g., having the Lagrangian L e , we easily obtain 
the conserved energy 

Ee = + W (?) + e 2 d i ^A j - e<f + 0(6). 

Let us consider the above construction for a specific case where n — 2, A{ — 
(—By/2, Bx/2), and if = u 2 (x 2 + y 2 )/2. In this case equations (1321 can be 
solved exactly. Thus, we obtain 



L° = K 

where 



(ql + q 2 y )+e(B + u 2 6/4>} (q x q y - q y q x ) - eu 2 (q 2 x + q 2 y ) 



, -1 



x = (2 + e 2 B 2 9 2 /8 + eBQ + euj 2 9 2 /2) 

The corresponding ^-modification of the usual conserved energy = (q 2 + q 2 .) /2+ 
euj 2 [q 2 + q y ) /2 is reduced to a multiplication by a factor, Eg = 2xE Q . 
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